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1. Introduction

Let B” = (Bf!):e[0, 7] be a fractional Brownian motion (fBm) with Hurst
index H € (0,1). We consider the exponential functional of the form

T
F:/ e?stoB g, (1)
0

where T > 0,a € R and o > 0 are constants.
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index H € (0,1). We consider the exponential functional of the form

T
F:/ e?stoB g, (1)
0

where T > 0,a € R and o > 0 are constants.

@ The special case, H = % have been well studied, see [6, 7, 10].

o H# %
Based on the techniques of Malliavin calculus, we estimated for the density
function of F.
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2. Preliminaries
2.1. Malliavin calculus

In the whole paper, we assume H > % Under this assumption, fBm admits
the Volterra representation

BH = /Ot K(t,s)dBs, (2)

where (Bt).co,] is a standard Brownian motion and for some normalizing
constant cy, the kernel K is given by

NIw

t
K(t,s) = cH51/2H/ (u—s)H~ uH*%du, 0<s<t<T. (3
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2. Preliminaries

2.1. Malliavin calculus

Bt)tejo, 1) is defined on a complete probability space (2, F,F, P),
F = (Ft)tepo,7]- For h € L?[0, T], we denote by B(h) the Wiener integral

.
B(h) = /h(t)dBt.
0
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2. Preliminaries

2.1. Malliavin calculus

Bt)tejo, 1) is defined on a complete probability space (2, F,F, P),
F = (Ft)tepo,7]- For h € L?[0, T], we denote by B(h) the Wiener integral

.
B(h) = /h(t)dBt.
0

Let S denote the dense subset of L%(Q, F, P) consisting of smooth
random variables of the form

F =f(B(M),..., B(hn)), (4)
where n € N, f € Cg°(R"), hy, ..., h, € L2[0, T].
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2.1. Malliavin calculus

More generally, for each k > 1, we can define the iterated derivative
operator by setting
Df . . F=Dy..DyF. (6)
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2.1. Malliavin calculus

More generally, for each k > 1, we can define the iterated derivative
operator by setting

Df . . F=Dy..DyF. (6)

For any p, k > 1, we shall denote by D¥P the closure of S with respect to
the norm

T T T
IFIIE = E|F|P+EU DtlFPdtl} +...+EU / IDE._ FlPdtr...dty|.
0 0 0
(7)
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2.1. Malliavin calculus

A random variable F is said to be Malliavin differentiable if it belongs to
D2, For any F € D12, the Clark-Ocone formula says that

F— E[F] = /0 " E[D.F| 7,18 (8)
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2.1. Malliavin calculus

A random variable F is said to be Malliavin differentiable if it belongs to
D2, For any F € D12, the Clark-Ocone formula says that

-
F —E[F] = / E[DsF|Fs)dBs. (8)
0
Moreover, any F, G € D12, we have the following covariance formula

.
Cov(F, G):E{ /0 D.FE[D,G|F.]ds| . 9)
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2.2. Some general results

In order to obtain the density estimates for exponential functionals we
need the following general results.

Proposition 2.1.

Let q,a, B be three positive real numbers such that % 4 é I % =1. Let F

be a random variable in the space D>, such that E[||DF||;23] < 00.
Then the density pr(x) of F can be estimated as follows

PF(x) < Cq.0,8(P(F < X)Y7 x (ENIDFII + ID?Fllo@mam | IDFII? 115)  x €R,
(10)

where cq o5 is a positive constant and H = L2[0, T].
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2.2. Some general results

Proposition 2.2.

Let F € D*>* be such that E[F] = 0. Define the random variable

.
OF = / D,FE[D,F|F,]ds. (11)
0

Assume that ¢ # 0 a.s. and the random variables ¢—FF and

= fOT D;®rE[DsF|Fs]ds belong to L?(Q2). Then the law of F has a continuous
Z

density given by

pr(x) = pr(0) exp (f I hF(z)dz) exp (f [ WF(z)dz), xcsupppr,  (12)

where the functions wg and hg are defined by

ol o= [¢£F|F _ z:| , he(z) = E {q}i% /OT D.®r E[D,F|F.]ds|F = z:| . (13)

= = = = = =7
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3. The main results

Our idea is to consider the random variable X :=InF — E[In F] and use
the relation

pE(x) = %px(lnx —E[InF]), x> 0. (14)
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3. The main results

Our idea is to consider the random variable X :=InF — E[In F] and use
the relation

pE(x) = %px(lnx — E[InF]), x> 0. (14)

Proposition 3.1.

0 < DyX < oK(T,0) a.s. (15)

0 < D,DyX < 20°K(T,0)K(T,r) a.s. (16)
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3. The main results

Define
v H
M, = E[FIF]=E [/ e8] ds]]—",} 0<r<T
0
Then, for every p > 2, we have

p
E [(Or<nra<xT M,) ] < C < o0, (17)

where C is a positive constant depending on p, T,a,c and H.
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3. The main results

Proposition 3.2.
Let X be as in Proposition (3.1). We define ®x := fOT DsXE[Ds X |Fs]ds.
Then,

|dx| 7t € LP(Q), Vp > 1.

We also have

T —1
</ |D9X\2d9> € LP(Q), V p>1.

0
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3. The main results

We now are in a position to bound the density pg(x) of F. We first use
Proposition (2.1) to estimate the left tail of the density.

pr(x) < < exp (— (Inx = Efin F])2> , 0<x< eE[InF], (18)

X 802T2H

where c is a positive constant.
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3. The main results

We now are in a position to bound the density pg(x) of F. We first use
Proposition (2.1) to estimate the left tail of the density.

X 802T2H

pr(x) < < exp <— (Inx = Efin F])2> , 0<x< eE[InF], (18)

where c is a positive constant.

We use Proposition (2.2) to estimate the right tail of the density.

pr(x) < gexp (_(Inx — E[ln F])z) x> eElnFl (19)

202 T2H

where c is a positive constant.
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